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Introduction

S OME years ago Issa1 pointed out that, contrary to a common
assumption, the total pressure can show an increase in fric-

tional � ow. He showed that viscous stresses could result in a rise
in total pressure for 1) the plane stagnation point � ow and 2) the
Stokes � ow past a sphere, for which exact solutionsexist. Later, van
Ondheusden2 pointed out that this is a problem of practical physi-
cal signi� cance because it relates to the viscous effect on pitot tube
readings at low Reynolds number. He further specialized the solu-
tions of Heinmenz and Homann (see Schlichting3) for plane and
axisymmetric stagnationpoint � ows, respectively,to the case of the
stagnationpoint on a cylinderand sphere,arrivingat expressionsfor
the stagnationpointpressurecoef� cient,Cp0 D [2.p0 ¡ p1/=½U 2

1],
of C p0 D 1 C 4=Re for a cylinder and C p0 D 1 C 6=Re for a sphere.
Here Re DU1a=º is the Reynoldsnumberbasedon the body radius.
He also noted that, for a sphereat low Reynoldsnumber,Stokes � ow
predicts C p0 D 3=Re. The Stokes � ow solution is only valid for low
Reynolds numbers as a result of the basic assumptions inherent in
the theory. It is important to recall also that the solutions for the two-
dimensionalstagnationpoint (Heinmenz) and for the axisymmetric
stagnation point (Homann) are only valid for large Reynolds num-
bers, where the � ow� eld may be divided into two parts, a viscous
inner � ow and an inviscid (irrotational) outer � ow.

The purpose of the present work is to show that for the � ow past
a sphere or a spherically tipped body, the latter assumption, that
the viscous layer must match a known inviscid outer � ow, is not
necessary; it is possible to obtain exact solutions to the Navier–
Stokes equations for � ow in the vicinity of the forward stagnation
streamline. These solutions extend a large distance from the body
and satisfy the uniform � ow condition at in� nity instead of some
inviscid � ow boundary conditions. Solutions may be found, there-
fore, for any Reynoldsnumber,no matterhow largeor small. At high
Reynolds numbers, the presentsolutionsincludeboth the outer, pre-
dominately inviscid � ow and the inner, predominatelyviscous � ow
and reduce to the classical solution of Homann.4 For low Reynolds
numbers, the present results match those of Stokes � ow. The result-
ing exact solutionsare used here to predict the rise in the stagnation
pressure (coef� cient) over the entire range of Reynolds numbers.

Analysis
We consider the � ow in the vicinity of the forward stagnation

streamline on a sphere or spherically tipped body. It is assumed that
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the � ow is steady and incompressibleand that the � uid has constant
properties. Because the body is assumed to be a sphere (or to be
spherically tipped), the appropriate coordinate system in which to
describethe body in the regionof the sphericaltip and to analyze the
� ow is a spherical coordinate system, with the origin of coordinate
system located at the center of the sphere, as shown in Fig. 1. The
� ow far ahead of the body is uniform with a velocity U1 directed
along the negative z axis.

In the present problem, it is more convenient to work with the
stream function and vorticity in spherical coordinates rather than
the velocity components and pressure directly. The � ow under con-
sideration is axisymmetric so that the velocity in the ’ direction,
v’ , and the gradient in the ’ direction both vanish .@=@’ D v’ D 0/:
As a result of this symmetry, the r and µ components of the vor-
ticity vector, ³r and ³ µ , vanish. We introduce a stream function
Ã in nondimensional form, Ã¤ D Ã=U1a2 , de� ned such that the
continuity equation is satis� ed identically, that is,

r¤2v¤
r sin µ D ¡ @Ã ¤

@µ
; r¤v¤

µ sin µ D @Ã ¤

@r ¤

Here a is the radius of the sphere and the nondimensional ra-
dial coordinate and velocities are given by r¤ D r=a, v¤

r D vr =U1,
and v¤

µ
D vµ =U1 . The nondimensional ’ component of vorticity,

³ ¤ D ³’a=U1 , is given in terms of the stream function by

³ ¤ D 1
r¤sin µ

@2Ã ¤

@r ¤2
¡ cotµ

r¤3 sin µ

@Ã ¤

@µ
C 1

r¤3 sin µ

@2Ã ¤

@µ 2
(1)

The vorticity transport equation, which is obtained by eliminat-
ing the pressure from the r and µ momentum equations by cross
differentiation, is in nondimensionalform

Fig. 1 Spherical coordinate system showing sphere, freestream veloc-
ity, and region of analysis validity.
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where the Reynoldsnumber is Re D ½U1a=¹. At this point,Eqs. (1)
and (2) are completely general. They are the de� nition of vorticity
and the vorticity transport equation, respectively,written in a spher-
ical coordinate system for the axisymmetric � ow de� ned earlier.

The boundary conditionson the body surface are then v¤
r .1; µ/ D

v¤
µ .1; µ/ D 0. In terms of the stream function these become

@Ã¤

@µ
D 0;

@Ã¤

@r¤
D 0

Far from the body, the velocity must be uniform along the negative
z axis so that we have

lim
r¤ ! 1

1
r ¤2 sin µ

@Ã¤

@µ
D cos µ; lim

r¤ ! 1

1
r ¤ sin µ

@Ã ¤

@r¤
D sin µ

The only boundary condition available for the vorticity arises from
the fact that the vorticity must vanish far from the body, that is,

lim
r¤ ! 1

³ ¤
’ D 0

In view of the fact that we expect the � ow� eld to extend far
from the body, at least at the lower Reynolds numbers, it is con-
venient to introduce the new coordinate ».r ¤/ de� ned by r ¤ D e» .
The nondimensional stream function for the freestream � ow is
Ã ¤ D e2» sin2 µ=2. Guided by this stream function, we take in the
present case a nondimensional stream function and vorticity of

Ã ¤ D .e2» =2/ f .» / sin2 µ; ³ ¤ D g.» / sin µ

Introducing these into the vorticity transport equation and the equa-
tion de� ning vorticity, we obtain

g00 C g0 ¡ 2g D e» Re cosµ f¡ f g0 C g f g (3a)

f 00 C 3 f 0 D 2ge» (3b)

where primes denotedifferentiationwith respect to » . We now make
the assumption that µ is small so that cos µ ¼ 1, and Eqs. (3a) and
(3b) become

g00 C g0 ¡ 2g D e» Ref¡ f g0 C g f g (4a)

f 00 C 3 f 0 D 2ge» (4b)

Equations (4a) and (4b) are the equations to be solved to yield
the stream function and vorticity � eld and, hence, the velocity � eld.
The only assumption we have made is that the angle µ is small so
that cos µ ¼ 1. This means that the solution is limited to that portion
of the conical region, whose axis coincides with the z axis, whose
apex is at the origin of the coordinate system and which lies outside
the sphere (Fig. 1), that is, to the vicinity of the forward stagnation
streamline.

The velocity components are given by

v¤
r D ¡ f .» / cos µ ¼ ¡ f .» /

v¤
µ D sin µf f .» / C [ f 0.» /=2]g ¼ µf f .» / C [ f 0.» /=2]g

In each case, the last expression results from the approximation
µ ¿ 1. Now if x is the distance along the body surface measured
from the stagnation point so that x D aµ , the normalized velocity
component along the surface v¤

µ is, with the small angle approx-
imation, v¤

µ D .x=a/. f C f 0=2/ It is clear that the small-angle ap-
proximation is equivalent to the approximation u ¼ x made in the
classical stagnation point solutions. In the present case, however,

we do not propose to match an external inviscid � ow solution, as
in the classical case, but to satisfy the boundary conditionsfar from
the body, that is, v¤

µ D sin µ and v¤
r D ¡cos µ .

On the surface of the body, both velocity components must van-
ish so that we have as boundary conditions on the body f .0/ D
f 0.0/ D 0. Far from the body, the � ow must match the external uni-
form � ow so that we have

lim
» ! 1

f .» / D 1

so that we match the inviscid � ow Ã ¤ D r ¤2 sin µ=2. In addition, be-
causethe � owfar fromthebodyis irrotational,we have theboundary
condition on g of

lim
» ! 1

g.» / D 0

We note that we have two second-order equations in g.» / and
f .» / [Eqs. (4a) and (4b)] but that we have three boundary con-
ditions on f .» / and only one on g.» /. This situation will pose
some dif� culties, to be discussed later, but these dif� culties are not
insurmountable.

Equations (4a) and (4b) may now be solved as a set of coupled
nonlinear ordinary differential equations with a set of three bound-
ary conditionson f .» / (two-boundaryconditionsat the wall andone
applicable as » ! 1) and a single boundarycondition for g.» /. As
already mentioned, this odd arrangement for boundary conditions
causes some problems. In principle, this problem could be solved
by a shooting technique in which one assumes values of f 00.» D 0/
and g.» D 0/, marches in the direction of increasing » , and deter-
mines if the outer boundary conditions are satis� ed. One would
iterate on the initial guesses until the outer boundary conditions are
satis� ed. This technique is cumbersome to say the least. A better
technique has been devised and involves an additional transforma-
tion: g¤.» / D g.» /=g.0/ D g.» /=g0 and h.» / D f .» /=g0 . In terms of
these new variables, Eqs. (4a) and (4b) become

g¤ 00 C g¤0 ¡ 2g¤ D e» Re g0.¡hg¤0 C hg¤/ (5a)

h00 C 3h 0 D 2g¤e» (5b)

with boundary conditions h.0/ D h0.0/ D 0, g¤.0/ D 1, and

lim
» ! 0

g¤ D 0

The remaining boundary condition is used to determine g0 from

lim
» ! 1

h.» / D 1
g0

lim
» ! 1

f .» / D 1
g0

With this formulation, there is a straightforward iteration proce-
dure for solvingEqs. (5a) and (5b). An initial assumptionis made for
functiong¤.» /, and this functionis employedin Eq. (5b). This is then
integrated as an initial value problem using a fourth order Runge–

Kutta numerical integration method. This integration is carried out
to a large value of » , for example, »max, where dh=d» D 0 (typically
»max ¼ 10); at this point g0 is obtained from g0 D 1=h.»max). When
this provisional value of g0 and the provisional distributionof h.» /
are used, the nonlinear coef� cients in Eq. (5a) are evaluated, and
Eq. (5a) is cast in the form

g¤00 C ®1g¤ 0 C ®2g¤ D 0 (6)

with the coef� cients ®1.» / and ®2.» / known. Equation (6) is solved
using the Thomas algorithm to yield an updated g¤. This new g¤ is
employed in Eq. (5a) to obtain a new h.» / and g0 , which in turn are
used to obtain a new g¤.» / from Eq. (6). This procedure is repeated
iteratively until two successive solutions of Eq. (6) are the same to
within a small tolerance.The � nal distribution g¤ is then employed
once more in Eq. (5b) to obtain a � nal h.» /, g0 , and f .» /. When
this procedure is used, convergence is relatively rapid, occurring
generally in 6–14 iterations.

Results
Numerical solutions have been obtained for Eqs. (5a) and (5b)

with appropriate boundary conditions, for a number of Reynolds
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Fig. 2 Velocity and vorticity pro� les near the stagnation point. (The
upper set of curves shows the velocity, and the lower set shows the
vorticity.)

numbers ranging from 10¡2 to 106 . The numerical results provide
the normalized stream function, which can be used to determine
the velocity distribution, the wall vorticity, and the normalized vor-
ticity distribution. Typical velocity distributions, v¤

µ = sin µ.» /, and
vorticity distributions, g¤.» /, as well as the appropriate values of
g¤.0/ are presented in Fig. 2 for Reynolds numbers of 10¡2 , 1, 10,
and 100. For comparison, Fig. 2 also contains the inviscid velocity
distribution v¤

µ = sin µ.» /.
In general, the normalizedvorticity g¤.» / varies from unity at the

wall (» D 0) to zero far from the body (left-hand scale), whereas the
velocity v¤

µ = sin µ.» / varies from zero at the wall (» D 0) to unity far
from the body (right-hand scale).

For a Reynolds number of 10¡2 , the effects of viscosityextend to
approximately » D 3:5 or 32.12 radii from the body. The vorticity
layer is very thick, and the only really inviscid part of the � ow is
found far from the body in the freestream. These results are in fact
very close to the Stokes � ow limit. As the Reynolds number is in-
creased,theextentof theviscous layer is reduced,and there is clearly
a displacement effect in which the velocity v¤

µ = sin µ lies above the
potential� ow velocity.At a Reynolds numberof 1, the viscous layer
is still quite thick, extending to approximately » D 1:75 (or to a ra-
dius of 5.75 times the sphere radius). The peak velocity, however,
is nowhere near that for potential � ow velocity at the sphere (1.5).
Beyond » D 1:75, the � ow is essentially inviscid,but the freestream
� ow is not reached until somewhere about » D 2:5 or r D 12:18a.
Similar results are shown for a Reynolds number of 10.

As the Reynolds number is increased, the viscous region of the
� ow becomes smaller until at Reynolds numbers greater than 104

the � ow has essentially reached conditions where boundary-layer
theory is valid. The viscous layer is quite thin, extending only to
» D 0:02 .r D 1:02a/ at Re D 104 , only to » D 0:0068 .r D 1:0068a/
at Re D 105 , and only to » D 0:0023 .r D 1:0023a/ at Re D 106.
There is very little or no displacement effect. (The actual veloc-
ity pro� le lies on the potential � ow velocity, once they meet.) The
peak velocity in the viscous � ow is 1.4758 at Re D 104, 1.4913 at
Re D 105, and 1.4970 at Re D 106.

As a practical matter, we are interested in the stagnation point
pressure coef� cient C p0 D 2[p.a; 0/ ¡ p1]=½U 2

1 . This can be ob-
tained once the solutions outlined earlier are determined. Turning
to the r and µ momentum equations and introducing the stream
function, we obtain
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Fig. 3 Variation of the stagnation point pressure coef� cient with
Reynolds number.

Integrating these, limiting ourselves to the forward stagnationpoint
(µ D 0), and introducing the de� nition of vorticity, we obtain

C p0 D 1 C 4g0

Re

Z 1

0

g¤ d»

When the wall vorticity g¤.0/ and the vorticity distributions g¤.» /
obtained from the earlier solutions are used, the stagnation point
pressurecoef� cient Cp0 has been computed for a range of Reynolds
numbers from 10¡2 to 106 . The results of these computations are
presented in Fig. 3.

Also shown on Fig. 3 are the Stokes � ow solutionand the solution
for the stagnation � ow in the vicinityof an axisymmetric stagnation
point4 as adapted to the sphere by van Ondheusden.2 Clearly the
present solution bridges the gap between the Stokes � ow solution,
which appears to be valid for Reynolds number Rea less than ap-
proximately2 £ 10¡2 , and the Homan solution,which appears to be
valid for Rea > 20. As a check, the results of the exact solutions to
the Navier–Stokes equations for � ow past a sphere that have been
obtained for certain discrete Reynolds numbers by LeClair et al.5

are indicated in Fig. 3. The present exact solutions to the Navier–
Stokes equations for � ow in the vicinity of the forward stagnation
streamline provide an very good prediction of the stagnation point
pressure coef� cient over the entire Reynolds number range.

The present results were obtained using the techniquedescribed,
using successivelysmaller step sizes, and then extrapolatingto zero
step size. The numericalaccuracyof the solutionsreportedhere may
be assessed by comparing the results of these solutions with exact
solutions that exist at the low and high Reynolds number extremes.
A numerical solution was obtained for a Reynolds number of zero
where an exact solution, the Stokes solution, is known. The Stokes
� ow solution yields for the wall vorticity g¤.0/= sin µ the value 3

2
and for the quantity

4g.0/

Z 1

0

g¤.» / d»

(which is used in evaluating the stagnation point pressure coef-
� cient) the value 3.0. The numerical solution for zero Reynolds
number yields, for these two quantities, the values 1.500248 and
3.000301, respectively, for corresponding numerical errors of
0.0166 and 0.0100%,respectively.In addition,the solutionobtained
here was compared to the classical solution,presented in Ref. 3, and
the solutions for the normalized vorticity and normalized stream
function were in agreement with the exact solution to at least six
decimal places.

At high Reynolds numbers, Homann’s solution, as adopted for a
sphere by Ondheusden,2 is used. This solutionyields, at a Reynolds
number of 106 , values of g¤

0 and

4g.0/

Z 1

0

g¤.» / d»

of 2410.2979 and 6.00. The present numerical solution for a
Reynolds number of 106 yields correspondingvalues of 2412.6741
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and 5.9972 for computational errors of 0.0944 and 0.0464%, re-
spectively. Clearly the numerical solutions offer a high degree of
accuracy.

Conclusions
A new exact solution to the Navier–Stokes equations for � ow in

the vicinity of the forward stagnation streamline on a sphere has
been developed. These solutions describe the � ow� eld all of the
way from the body surface to the uniform � ow far from the body,
in contrast to the traditional stagnation point solutions and, hence,
may be used to obtain solutions for the entire range of Reynolds
numbers. Solutions have been obtained for the vorticity � eld and
the stream function � eld for Reynolds numbers from 10¡2 to 106,
and these solutions have been used to calculate the stagnationpoint
pressure coef� cient on a sphere for this Reynolds number range.
The results provide an excellent prediction of the stagnation point
pressure coef� cient over the entire Reynolds number range.
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Introduction

O N the basis of previous studies,1¡11 it is reasonable to state
that the various bifurcationsas well as the vortex dynamics in

the wake of a sphere are relativelywell understoodup to a Reynolds
number (based on sphere diameter D and freestream velocity U1/
of about 350. In particular, it is known that the axisymmetric,steady
wake � rst becomes unstable to nonaxisymmetric perturbationsat a
Reynolds numberof about 210 (Ref. 7). The next bifurcationoccurs
at a Reynolds number of about 277 and leads to the establishment
of time-periodic shedding10 of vortex loops. In this shedding mode
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vortex loops are formed precisely at the same azimuthal location in
every cycle, and the wake maintains strict symmetry at every time
instant about a � xed plane that passes through the wake centerline.5

The orientationof the symmetry plane is determined in simulations
by the initial conditions. Studies5;8 also indicate that strict planar
symmetry is lost somewhere between 350 and 375, but to date there
is no clear consensus on the nature of the vortex formation process
at these higher Reynolds numbers. Most studies9;10 implicitly as-
sume that the vortex loops do not have any preferred orientation
and that the time-averaged wake is axisymmetric about the wake
centerline.

The objective of this Note is to use direct numerical simulation
(DNS) data of � ow past a sphere to analyze the symmetry prop-
erties of the time-averaged wake in the range 500 · Re · 1000.
To this end, an accurate Fourier–Chebyshev spectral collocation
method has been used for computing three-dimensional, unsteady,
viscous incompressible � ow past a sphere where time advance-
ment is through a second-order-accurate time-split scheme. The
current solver has been validatedextensively4 in the Reynolds num-
ber range 50 < Re < 500 against established experimental data. A
detailed description of the solver and validation study, as well as
other computed results can be found in Refs. 4, 5, and 12.

Results of DNS at three Reynolds numbers (500, 650, and 1000)
are reported here. The outer domain size for these simulations is
25D, and the grid for each simulation is chosen so as to ensure at
least � ve orders of magnitude decay in the wave-number spectra of
the � ow variables. This results in a grid with 6:4 £ 105 (1:3 £ 106/
collocationpointsfor theRe D 500 .Re D 1000) simulation.Initially,
a mean axisymmetric� ow is obtained.Subsequently,a small pertur-
bation in the form of a random (white noise) azimuthal slip velocity
is provided on the sphere surface for a short time. This perturbation
is random in space and therefore does not have a preferred spatial
structure or orientation.The disturbancegrows in time as a result of
the inherent instabilityof the � ow and eventuallysaturates,at which
point data are extracted for analysis.

Discussion of Results
The force on the sphere is decomposed into three components:

the drag force Fd , which acts in the streamwise (x-) direction, and
the two components of the side force (Fy and Fz ), which act per-
pendicular to the drag force. The magnitudeof the side force can be
computed as Fs D

p
.F2

y C F2
z /. Figure 1 shows the variation of the

drag Cd and side force Cs coef� cients with time. The mean values
of the drag coef� cient for Re D 500, 650, and 1000 are computed
to be 0.56, 0.52, and 0.47, respectively, and these are in very good
agreement with experiments.13 The side-force coef� cients show a
complexbehaviorwith magnitudesthat are roughlyan ordersmaller
than those of the drag coef� cient.

Based on all of the data that have been analyzed,14 the domi-
nant nondimensional shedding frequency ( f D=U1 , where f is the
shedding frequency) lies in the range from 0.17 to 0.19 for the en-
tire range of Reynolds numbers simulated here, and this is in line
with experiments.10 In addition, the current simulations indicate the
presence of a low frequency in the near wake with nondimensional
frequency equal to 0.05 for all of the three Reynolds numbers in-
vestigated.Despitesimilarpreviousobservations,8;9;11 thedynamics
associatedwith this low frequencyarenot currentlywell understood.

Fig. 1 Temporal variationof drag and side-force coef� cients. The side-
force coef� cients for Re = 650 and 1000 have been offset in the vertical
direction by ++0.1 and ++0.2 respectively.


